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Abstract Light front wave functions (LFWFs) are often utilized to model parton distributions and
form factors where their transverse and longitudinal momenta are tied to each other in some manner
that is often guided by convenience. On the other hand, the cross talk of transverse and longitudinal
momenta is governed by Poincare´ symmetry and thus popular LFWF models are often not usable to
model more intricate quantities such as generalized parton distributions. In this contribution a closer
look to this issue is given and it is shown how to overcome the issue for two–body LFWFs.
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1 Introduction
In Quantum Chromodynamics (QCD) inspired phenomenology it is popular to discuss the partonic
picture of observables, such as form factors, structure functions of inclusive processes, spectrography,
and many other quantities as well as partonic quantities, defined as matrix elements of two-body op-
erators, such as distribution amplitude, parton distribution functions, generalized parton distributions
(GPDs), transverse momentum dependent parton distributions, and phase space functions in terms
of LFWFs [1; 2; 3]. Unfortunately, LFWFs could so far not be determined from the QCD dynamics.
Since in a Hamilton approach the underlying Poincare´ symmetry is not explicitly manifested, it arises
for model builders the problem how in the LFWFs the longitudinal and transverse momenta are tied
to each other. If one considers translation invariant parton distributions or hadronic distribution am-
plitudes, this issue does not imply visible inconsistencies, however, it becomes crucial if one deals with
non-forward quantities such as generalized parton distribution or phase space functions.
In particular, for the phenomenology of deeply virtual Compton scattering [4; 5; 6] and deeply
virtual meson production [7; 8] the Poincare´ covariance of GPDs is crucial. In the double distribution
(DD) representation [4; 9] and the double partial wave expansion, see, e.g., [10] and references therein,
this property is manifestly implemented, however, if one likes to model GPDs in terms of LFWFs this
might be considered as a theoretical challenge. In the LFWF overlap representation [11; 12] the outer
GPD region in the momentum fraction x and skewness η plane, i.e. |η| ≤ |x| ≤ 1, is obtained from the
parton number conserved overlap while the central GPD region i.e. |x| ≤ |η|, arises from the parton
number changing LFWF overlap. The GPD covariance condition ensures that the GPD moments
∫ 1
−1
dxxnH(x, η, t) =
n+1∑
m=0
m even
Hnm(t)η
m , (1)
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2where t is the momentum transfer square, are even polynomials in η of order n (even n) or n+1 (odd
n). Moreover, covariance also ensures that the amplitudes, given as convolution of partonic amplitudes
and GPDs, satisfy fixed-t dispersion relations [13], e.g., at leading order accuracy they are written as
Hσ(ξ, ϑ, t) LO=
∫ 1
0
dx
(1 + σ)x + (1− σ)ξ
ξ2 − x2 H
σ(x, η = ϑx, t) +
1 + σ
2
D(ϑ, t) , (2)
where ξ is a Bjorken-like scaling variable, ϑ = η/ξ is the asymmetry parameter, σ = ±1 is the
signature factor, and D(ϑ, t) is a subtraction constant, called D-term form factor. However, for LFWFs
that are ambiguously modeled as functions of longitudinal and transverse momenta it is very likely
that the covariance property of GPD and so the analyticity of the amplitudes is violated. Also in
many applications only the outer GPD region could be calculated from the parton conserved LFWF
overlap and it is sometimes believed that the (unknown) non-conserved parton number LFWF overlap
contribution will render GPDs that are covariant.
On the other hand, the Poincare´ covariance property ensures that the outer region, i.e., the partonic
s–channel view, and the central one, i.e., the partonic t–channel view, are dual to each other. More
precisely, the central region can be uniquely mapped to the outer one [14] (this map was first applied
for evolution kernels in [15]), while the inverse map is only unique in the charge odd sector, however,
in the charge even sector a so-called D-term contribution [16], which entirely lives in the central region
and vanishes on the cross–over line |x| = |η|, might appear. One might fix this contribution by some
external requirements, however, no proof on general ground is known [17]. Thus, one might be able to
consistently model the GPDs in terms of parton number conserved overlap of LFWFs, where duality
is used to restore the full GPD. The condition, which is left, is on the functional form of LFWFs, i.e.,
how longitudinal and transverse momenta are tied to each other. The advantage of such a framework
is besides a direct interpretation of experimental measurements in terms LFWFs also that positivity
constraints, which are in their most general formulation are given impact parameter space [18], should
be manifestly implemented in the LFWF overlap representation.
2 GPD duality
The GPD support properties, given here within the restriction |x| ≤ 1, can be derived from the DD
representation and might be written in terms of quark (q) and anti-quark (q) building blocks
H(x, η, t) = −θ(x ≤ −|η|) [Hq(−x, η, t) +Hq(−x,−η, t)]+ θ(x ≥ |η|) [Hq(x, η, t) +Hq(x,−η, t)]
+θ(|x| ≤ |η|) [−Hq(−x, η, t) +Hq(x, η, t)] , (3)
where the building block for the (anti-)quark GPD has the integral representation
H
i(x, η, t) =
1
η
∫ x+η
1+η
0
dy h(y, (x− y)/η, t) , i ∈ {u, u¯, d, d¯, · · · } . (4)
Note that the DD h(y, z, t), which has the symmetry property h(y,−z, t) = h(y, z, t), might be unde-
fined in the outer region for y < x−η
1−η
, however, the GPD in this region is defined,
H(x ≥ η, η, t) = Hi(x, η, t) +Hi(x,−η, t) = 1
η
∫ x+η
1+η
x−η
1−η
dy h(y, (x− y)/η, t) . (5)
Formulae (3) and (4) ensure that the x-moments of the GPD are polynomials (1) and that amplitudes
are calculable from (2). Utilizing the dispersive framework and the operator product expansion for
doubly deep virtual Compton scattering in the Euclidean region [19; 20] yields for |ϑ| ≤ 1 the equality
PV
∫ 1
−1
dx
1
ξ − xH
σ(x, η, t) = PV
∫ 1
0
dx
(1 + σ)x+ (1 − σ)ξ
ξ2 − x2 H
σ(x, η = ϑx, t) +
1 + σ
2
D(ϑ, t) . (6)
As annulled in the Introduction, we are interested to construct the full GPD from the outer region
and so far various analytic procedures that are related to each other were suggested:
31. The truncated Taylor expansion of the moments
∫ 1
η
dxxnH(x, η, t), where a possible non-analytic
part must be removed first, yields even polynomials in η of order n or n+ 1, see Ref. [14],
Htrunn (η, t|σ) =
n+1∑
m=0
1
m!
dm
dηm
{∫ 1
η
dxxn [H(x, η, t)− σH(−x, η, t)]− non-analytic part
}∣∣∣
η=0
. (7)
The analytic continuation of odd n (σ = +1) and even n (σ = −1) polynomials and an inverse
Mellin transform allows to find the GPDs with definite signature Hσ = H(x, η, t)− σH(−x, η, t),
Hσ(x ≥ 0, η, t) = 1
2πi
∫ c+i∞
c−i∞
dxx−n−1Htrunn (η, t|σ) +
1 + σ
2
θ(0 ≤ x ≤ |η|)2 δD(x/|η|, t) . (8)
These GPDs H± have the support 0 ≤ x ≤ 1, their continuation to negative x is done by antisym-
metrization or symmetrization in x. For a signature even (or charge even) GPD it is allowed to add
an additional δD(z, t) = δD(−z, t) with δD(±1, t) = 0 contribution to the intrinsic D-term.
2. The GPD on the r.h.s. of (6), i.e., Hσ(x, η = ϑx), is only scanned in the outer GPD region and
the l.h.s. can be inverted by a Hilbert transform or under certain assumptions by an alternative
integral transform over the region ξ ∈ [−1, 1] [20], providing the full GPD for definite signature
Hσ(x, η, t) =
PV
π2
∫ ∞
−∞
dξ
ℜeHσ(ξ, η/ξ, t)
ξ − x or H
σ(x, η, t) =
PV
π2
∫ 1
−1
dξ
√
1− x2√
1− ξ2
ℜeHσ(ξ, η/ξ, t)
ξ − x , (9)
where Hσ, calculated from the dispersion integral (2), must be continued into the region |ϑ| ≥ 1.
3. Expressing the GPD in the outer region by the DD–integral (5) allows to read off the DD itself,
i.e., the complete GPD can be restored [21; 22], for an example see next section.
To exemplify the first two methods let us consider the photon GPD, obtained from a one-loop
calculation [23], which reads up to a normalization factor in the outer region as following
H1(x ≥ η, η) = 1− 2x(1− x)
1− η2 . (10)
The truncated moments (7) can be straightforwardly calculated and are even polynomials in η of order
n (even n) or n+ 1 (odd n). With σ = −(−1)n they can be written in terms of a rational function
Htrun1,n (η|σ) =
2− [1 + σ] η1+n
2(n+ 1)
− 2− [1 + σ] η
3+n − [1− σ] η2+n
(2 + n)(3 + n) (1− η2) . (11)
Apart from the highest possible power ηn+1 for odd n these polynomials coincide with those of the
originally calculated GPD, see Eq. (23) in [24]. If the D-term related ηn+1 coefficient is known, the
GPD can uniquely restored in the central region. In our example the addenda δDn =
ηn+1
n+2
should be
added and the inverse Mellin transform (8) yields for σ = +1 the original GPD, written here as
H1(x ≥ 0, η) = 1
2πi
∫ c+i∞
c−i∞
dxx−n−1
[
Htrun1,n (η|σ = +1) + δDn
]
, δDn =
ηn+1
n+ 2
(12)
= θ(0 ≤ x ≤ η) x(1− η)
η(1 + η)
+ θ(η ≤ x ≤ 1)
[
1− 2(1− x)x
1− η2
]
for η ≥ 0 .
To employ the second method, we first calculate the σ = +1 amplitude from the dispersion relation
(2), where the D-term form factor, considered as known, is evaluated from the D-term (26) of [24],
H1(ξ, ϑ) =
2ϑ ln 1+ϑ
1−ϑ
+ 2 ln
(
1− ϑ2)
ϑ2 (1− ϑ2ξ2) +
[
1 + (2− ϑ2)ξ2] ln ξ2
ξ2−1
− 2ξ ln 1+ξ
ξ−1
1− ϑ2ξ2 +D(ϑ), (13)
D(ϑ) =
∫ ϑ
−ϑ
dx
2xD(x, ϑ)
1− x2 = −
ϑ ln 1+ϑ
1−ϑ
+
(
2− ϑ2) ln(1− ϑ2)
ϑ2
.
Performing the Hilbert transform (9) yields the GPD (12). Note that the GPD can be alternatively
calculated from the imaginary part of the amplitude, i.e., H1(x, η) = ℑmH1(x − iǫ, η/[x− iǫ])/π.
Let us emphasize that an approximate restoration of polynomiality yields incorrect results for the
real part of amplitudes if they are calculated from the GPD convolution formula. That this effect can
be large in the presence of Regge-like behavior has been exemplified in [25].
43 Functional form of two-body LFWFs
The restoration of the full GPD from the parton number conserved LFWF overlap, i.e., from the
outer GPD region, is only possible if the LFWFs respect the underlying Poincare´ symmetry. There
are various suggestions in the literature how covariance might be implemented in LFWFs [26; 27; 22].
The GPD covariance property has two aspects:
– restoration of t-dependence from the two-dimensional transverse momentum vector∆⊥ = (∆x, ∆y)
– ensuring that the resulting GPDs satisfy the polynomiality condition.
In Ref. [22] both of these problems were solved for effective two-body LFWFs. The restoration of t
dependence can be ensured by a (k2
⊥
−X(1−X)M2)/(1−X) dependence and the GPD polynomiality
constraints provide a further restriction on the functional form of LFWFs, which might be conveniently
written as a Laplace transform
φ(X,k⊥) =
∫ ∞
0
dα ϕ(α) exp
{
−αk
2
⊥
+ (1−X)m2 +Xλ2 −X(1−X)M2
(1 −X)M2
}
, (14)
where X and m is the longitudinal momentum fraction and the mass of the struck quark, λ is the
spectator quark mass, M is the hadron mass, k⊥ is the transverse momentum, and ϕ(α) might be
somehow interpreted as a reduced wave function. The transverse and longitudinal momenta are tied
to each other by the off-shell propagator [26]
M2 − k−1 − k−2 =M2 −
k2
⊥
+m2
X
− k
2
⊥
+ λ2
1−X ,
which, however, in (14) is additionally scaled by the momentum fraction X . The k⊥-unintegrated
LFWF overlap or unintegrated GPD in the outer region is defined in such models as
H(x ≥ η, η,∆⊥,k⊥) = 1
1− xφ
∗
(
x− η
1− η ,k⊥ −
1− x
1− η∆⊥
)
φ
(
x+ η
1 + η
,k⊥
)
, (15)
where for simplicity we do not discuss here the quark and hadron spin content. For x ≥ η this GPD
can be equivalently written in terms of an unintegrated DD representation [22],
H(x, η,∆⊥,k⊥) =
∫ 1
0
dy
∫ 1−y
−1+y
dz δ(x− y − zη)h(y, z, t,k⊥) , (16)
which allows us to extend the support into the central region −η ≤ x ≤ η. This unintegrated DD can
be expressed after some algebra in terms of the LFWF (14),
h(y, z, t,k⊥) =
1
2
∫ ∞
0
dAA ϕ∗
(
A
1− y + z
2
)
ϕ
(
A
1− y − z
2
)
(17)
× exp
{
−A
[
(1 − y)m
2
M2
+ y
λ2
M2
− y(1− y)− [(1 − y)2 − z2] t
4M2
+
k
2
⊥
M2
]}
,
depending on k⊥ = k⊥ − (1 − y + z)∆⊥/2, the set {m,λ,M} of mass parameters, and the reduced
LFWF ϕ(α). The integration over the transverse degrees of freedom can trivially be performed and we
recover from (16) the common DD–representation for a ‘quark’ GPD,
H(x, η, t) =
∫ 1
0
dy
∫ 1−y
−1+y
dz δ(x− y − zη)h(y, z, t) , h(y, z, t) =
∫∫
d2k⊥ h(y, z, t,k⊥) . (18)
which manifestly implements the GPD covariance properties. Two comments are in order.
– GPDs build with two-body LFWF models possess a cross-talk among t- and η-dependence.
– Other functional forms of two-body LFWFs than (14) might be not capable to deliver a GPD that
respects covariance and, consequently, analyticity, i.e., the equality (6), can not be satisfied.
5Let us exemplify these points, where for simplicity the mass parameters M/2 = λ = m are equated
and ϕ(α) = δ(α − α0) is taken in the ansatz (14). Plugging the resulting exponential LFWF
φ(x,k⊥) = exp
{
−α0k
2
⊥
+m2 − 4X(1−X)m2
4(1−X)m2
}
(19)
in the overlap representation (15) and performing the k⊥–integration yields a GPD in the other region,
H(x ≥ η, η, t) ∝ exp
{
−α0
2
[
(1 − 2x)2
1− x −
(1− x)t
4m2
]}
, (20)
that is independent on η. Thus the amplitude (2) is ϑ–independent and the Hilbert transform (9) tells
us that the extension into the central region is done by replacing the constraint x ≥ η by x ≥ 0. Of
course, this result can be also obtained from the DD representation (17) and (18) .
Contrarily, the construction of a consistent GPD might be impossible if we take an arbitrary
functional form. For instance, picking up one of the popular choices for modeling meson LFWFs [28],
φ(x,k⊥) = exp
{
−α0k
2
⊥
+m2 − 4X(1−X)m2
4(1−X)Xm2
}
, (21)
we immediately get from the overlap formula (15) the GPD in the outer region
H(x ≥ η, η, t) ∝ x
2 − η2
x (1 + η2)− 2η2 exp
{
− α0(1− η
2)/2
x(1 + η2)− 2η2
[
x2
(
1 + η2 − 2x)2
(1 − x) (1− η2) (x2 − η2) −
(1− x)t
4m2
]}
. (22)
Utilizing the first method of the preceding section, one realizes that the coefficients in the truncated
Taylor expansion (7) suffer from essential singularities, except for the constant term. Thus, removing
these singularities yields to a η-independent GPD. Also the second method fails, namely, the “spectral
function” takes, e.g., for t = 0, the form
H(x, η = ϑx, t = 0) ∝ x
(
1− ϑ2)
1− x(2 − x)ϑ2 exp
{
−α0
2
[
1− x(2 − xϑ2)]2
(1− x)x (1− ϑ2) [1− x(2− x)ϑ2]
}
. (23)
and has for 0 ≤ x ≤ 1 essential singularities at ϑ2 = 1 and ϑ2 = 1/x(2−x). Consequently, the resulting
amplitude (2) does not exist for ϑ2 > 1 and its limiting value at ϑ2 = 1 depends on the direction. It is
not hard to realize that more general exponential LFWF ansa¨tze are also not usable to build GPDs.
4 Conclusions
We recalled three methods that allow to restore the full GPD from the knowledge of the GPD in the
outer region. All these methods are based on extension procedures. So far they can be only utilized if the
GPD in the outer region is known analytically. The extension of GPDs is tied to the analytic properties
of amplitudes which besides the dispersion relation representation with respect to the Bjorken-like
scaling variable ξ must also possess certain properties with respect to the photon asymmetry parameter
ϑ, namely, analyticity inside the unit circle and extendable on the segment ϑ ∈ [1,∞] (the value on
[−∞,−1] follows from symmetry requirements). The investigation of the remaining mathematical
problems is important if one likes to have a numerical GPD extension procedure, which can then be
conveniently employed in GPD phenomenology. Without relying on an external principle, the freedom
which is left in the charge even sector is the so-called D-term, entirely living in the central GPD region.
From the partonic point of view it is tempting to interpret experimental measurements of deeply
virtual Compton scattering and deeply virtual meson production in terms of (effective) LFWFs. Such
a framework also offers the possibility to implement positivity constraints in the phenomenological
analysis, however, here it is requested that the resulting amplitudes possess the correct analytic prop-
erties. It is expected that this is ensured if the LFWFs satisfy the Poincare´ covariance constraints and
so one can utilize GPD duality to restore (apart from the D-term) the full GPD in the central region,
too. It was exemplified here within exponential LFWFs, used for mesons, that if such constraints are
neglected the LFWFs might not be utilized to find the full GPD. Consequently, if one requires that
6theoretical constraints should be consistently implemented or one simply aims for a more universal
description of hadronic phenomena, such popular ansa¨tze are simply excluded.
Examples of effective two-body LFWFs overlap modeling were given in Ref. [22]. Thereby, a (t-inde-
pendent) Regge behavior was implemented by means of a convolution with a spectator mass spectral
density. Such models are generically in agreement with experimental and phenomenological findings,
however, various problems remain to be solved, such as mimicking a t-dependent Regge behavior that
ensures positivity by construction and flexibility of the LFWF parametrization, before on can develop
a phenomenological LFWF framework that is suited for the description of experimental data.
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